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GEOMETRIC LANGLANDS DUALITY AND FORMS OF
REDUCTIVE GROUPS
VIVEK DHAND
Abstract. The category of perverse sheaves on the affine Grassmannian of a com-
plex reductive group G gives a canonical geometric construction of the split form of
the Langlands dual group GˇZ over the integers [6]. Given a field k, we give a Tan-
nakian construction of the quasi-split forms of Gˇk, as well as a construction of the
gerbe associated to an inner form of Gˇk.
1. Introduction
Let G be a complex connected reductive group. Let O = C[[z]] and K = C((z)).
Define the following sheaves on Sch/C:
GO = HomSch/C(Spec(O), G)
GK = HomSch/C(Spec(K), G)
Let Gr = GK/GO be the affine Grassmannian of G. It turns out that GO is representable
by an affine group scheme over C, while GK and GO are only ind-representable. The
Satake category PGO (Gr,Z) is the category of GO-equivariant perverse sheaves on Gr
with Z coefficients. It turns out that PGO (Gr,Z) is a symmetric monoidal category
(i.e. tensor category) under fusion/convolution. Mirkovic´ and Vilonen [6] showed that
the Satake category is tensor equivalent to Rep(GˇZ), the category of finite dimensional
rational representations of the integral split form of the Langlands dual group GˇZ.
Let k be a field. In order to construct non-split forms of Gˇk, we rely on descent theory
for neutral Tannakian categories over k (see [3], [9]). Given a finite Galois extension
K/k with Galois group Γ, a neutral Tannakian category over k is the same as a neutral
Tannakian category over K equipped with a descent datum relative to K/k. We begin
with the construction of quasi-split forms, i.e. those with a Borel subgroup defined over
k.
1.1. Theorem. Let K/k be a finite Galois extension with Galois group Γ, and let
ρ : Γ → Out(G) be a group homomorphism. There is a natural descent datum on
PGO (Gr,K) relative to K/k such that the corresponding k-linear category is tensor
equivalent to Rep(Gˇρk), where Gˇ
ρ
k is a quasi-split form of Gˇk corresponding to ρ.
The classification of inner forms is more difficult, since the problem is just as com-
plicated as the classification of Gˇk torsors. Given an inner form G˜k of Gˇk, we construct
a (non-neutral) Tannakian category which is equivalent to Rep(G˜k). Let Br(k) denote
the Brauer group of k and let µ : π1(G) → Br(k) be a group homomorphism. Given
α ∈ π1(G) = π0(Gr), let Grα denote the corresponding component of Gr. Let Aα be a
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central simple k-algebra such that [Aα] = µ(α). We define a tensor category P (Gr, µ)
of “perverse sheaves with coefficients in µ.” Roughly speaking, over the component Grα
this category consists of right Aα-modules in the category of perverse sheaves on Grα.
The tensor structure on P (Gr, µ) is induced from the tensor structure on the Satake
category.
1.2. Theorem. Let G˜k be an inner form of Gˇk. There exists a group homomorphism
µ : π1(G)→ Br(k) such that P (Gr, µ) and Rep(G˜k) are equivalent as tensor categories.
The layout of the paper is as follows: In section 2, we recall the classification of forms
of Gˇk in terms of the Galois cohomology of k. In section 3, we explain the formalism
of descent of Tannakian categories. In sections 4 and 5 we prove the main theorems
about quasi-split forms and inner forms, respectively.
Acknowledgments. This paper is adapted from my doctoral thesis, completed at
Northwestern University. I would like to thank my advisor Kari Vilonen for his insight
and guidance. Thanks are also due to David Nadler, Matt Emerton, Robert Kottwitz,
and David Treumann for many useful conversations.
2. Classification of forms
Let Γ be a finite group and let A be a Γ-group, i.e. a discrete (not necessarily abelian)
group on which Γ acts by group homomorphisms. We define
H0(Γ, A) = AΓ
where AΓ is the subgroup of elements of A fixed by Γ. We define the set of A-valued
1-cocycles to be:
Z1(Γ, A) = {f : Γ→ A | f(st) = f(s)s(f(t)) for all s, t ∈ Γ}.
We say that a, b ∈ Z1(G,A) are equivalent if there exists c ∈ A such that
b(s) = c−1a(s)s(c)
for all s ∈ Γ. The set of equivalence classes of 1-cocycles is denoted H1(Γ, A). It is not
a group in general, but rather a pointed set whose basepoint is the constant cocycle at
the identity of A. See Section 1.3 of [8] for more on non-commutative cohomology.
Let K/k be a finite Galois extension with Galois group Γ. Let X and Y be affine
k-schemes. We say that Y is a K/k-form of X if there exists an isomorphism of K-
schemes XK
≃
−→ YK , where XK = X ×Spec(k) Spec(K).
Let Aut(XK) denote the automorphism group of XK in the category of K-schemes.
Then Γ acts on Aut(XK) as follows: given γ ∈ Γ and φ ∈ Aut(XK), the morphism
γ(φ) is given the the following commutative diagram:
XK
γ(φ) //________
φ

XK
id×γ

XK
id×γ // XK XK
φoo
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Let A(X,K/k) denote the set of isomorphism classes of K/k-forms of X. It is a
pointed set with basepoint given by X.
2.1. Proposition. Let X be an affine k-scheme. Let K/k be a finite Galois extension
with Γ = Gal(K/k). Then there is a natural bijection of pointed sets
A(X,K/k)
≃
−→ H1(Γ, Aut(XK)).
Proof. See [11], Prop. 11.3.3 and Prop. 12.3.2. 
This result is also true if X is an affine k-group. The proof is the same except we
replace k-algebras with Hopf algebras over k. For an affine k-group G, we define
H1(k,G) = lim−→
K/k finite Galois
H1(Gal(K/k), G(K))
This is nothing but the first e´tale cohomology of Spec(k) with coefficients in the sheaf
of groups Aut(X). It classifies the k-forms of X, i.e. k-schemes which are isomorphic
to X over a separable closure ksep of k.
Given a short exact sequence of affine k-groups:
1→ A→ B → C → 1
there is a long exact sequence in cohomology:
· · · → H0(k,C)→ H1(k,A)→ H1(k,B)→ H1(k,C).
If A is commutative we can extend this sequence to include the boundary map:
· · · → H1(k,C)→ H2(k,A).
For the rest of this section, G will be a complex connected reductive group and Gˇk
will be the connected split reductive k-group with root data dual to that of G. We are
interested in calculating H1(k,Aut(Gˇk)). Consider the short exact sequence
1→ Int(Gˇk)→ Aut(Gˇk)→ Out(Gˇk)→ 1
The forms of Gˇk that lie in the image of the map
H1(k, Int(Gˇk))→ H
1(k,Aut(Gˇk))
are called inner forms of Gˇk. Any form that is not inner is called an outer form. A
quasi-split form is one which has a Borel subgroup defined over k. Quasi-split forms of
Gˇk are classified by
H1(k,Out(Gˇk)) = H
1(k,Out(G))
Since Gˇk is split, the action of Gal(k
sep/k) on Out(Gˇk) is trivial. Therefore
H1(k,Out(Gˇk)) = Hom(Gal(k
sep/k), Out(G))/ ∼
where ∼ denotes the equivalence relation induced by conjugation in Out(G).
If Q is a quasi-split form of Gˇk, the pre-image of Q under the map
H1(k,Aut(Gˇk))→ H
1(k,Out(Gˇk))
is equal to H1(k, Int(Q)). In particular, every form of Gˇk is an inner form of a quasi-
split group. In any case, we are reduced to calculating H1(k, Int(Q)), where Q is a
quasi-split form of Gˇk. In what follows, we continue to work with a split group for
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notational convenience, but formulas do exist for quasi-split groups as well. Consider
the short exact sequence
1→ Z(Gˇk)→ Gˇk → Int(Gˇk)→ 1,
which yields an exact sequence of pointed sets
(2.1) · · · → H1(k, Gˇk)→ H
1(k, Int(Gˇk))→ H
2(k, Z(Gˇk)).
The first term is difficult to calculate in general, but descriptions of H1(k, Gˇk) in terms
of G do exist over the real numbers (see [2]) and finite extensions of Qp (see [4, 5]). On
the other hand, the last term of equation 2.1 is actually an abelian group, and has a
nice description:
2.2. Proposition. Let k be a field and let G be a complex connected reductive group.
Let Gˇk denote the split connected reductive k-group with root data dual to that of G.
Then there is a natural isomorphism:
H2(k, Z(Gˇk)) ≃ Hom(π1(G), Br(k))
Proof. Let K/k be a finite Galois extension with Galois group Γ. It suffices to prove
that
H2(Γ, Z(GˇK)) ≃ Hom(π1(G), Br(K/k))
Recall that
Z(GˇK) = Hom(π1(G),K
×)
and that Γ acts trivially on π1(G) and in the natural way on K
×. We define a map
Z2(Γ,Hom(π1(G),K
×))→ Hom(π1(G), Z
2(Γ,K×))
ζ 7→ µ
by the formula
ζ(a, b)(α) = µ(α)(a, b)
for all a, b ∈ Γ, α ∈ π1(G). This map is clearly a bijection. In fact, the same map
restricts to a bijection
B2(Γ,Hom(π1(G),K
×))→ Hom(π1(G), B
2(Γ,K×))
Suppose we have ζ ′ ∈ Z2(Γ,Hom(π1(G),K
×)) and a map f : Γ → Hom(π1(G),K
×)
such that
ζ(a, b)(α) − ζ ′(a, b)(α) = f(a)(α) + a(f(b))(α) − f(ab)(α)
Define g(α) : Γ→ K× by the formula
g(α)(a) = f(a)(α)
Since Γ acts trivially on π1(G), we see that
a(f(b))(α) = a(f(b)(α)) = a(g(α)(b)) = a(g(α))(b)
Therefore
µ(α)(a, b) − µ′(α)(a, b) = g(α)(a) + a(g(α))(b) − g(α)(ab)
This implies that µ(α)−µ′(α) ∈ B2(Γ,K×) and so we get an isomorphism on the level
of cohomology groups. 
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Since π1(G) can be read off from the root datum of Gˇk, we are left with the problem
of calculating Br(k). For one-dimensional fields, we can use the main theorems of local
and global class field theory. If k is a non-archimedean local field, we have a natural
isomorphism
Br(k) ∼= Q/Z
given by taking the Hasse invariant of a central simple algebra. If k is a global field,
we have a short exact sequence
0→ Br(k)→
⊕
v
Br(kv)→ Q/Z→ 0
where v is a valuation, kv is the completion with respect to v, and the map to Q/Z
is the sum of the local Hasse invariants. Along with the Hasse principle, these results
show that the problem of calculating the forms of reductive groups over a number field
can be reduced to class field theory.
3. Descent formalism
In this section K/k will be a finite Galois extension with Galois group Γ. Let C be
a K-linear category. A descent datum on C relative to K/k is the following (see [3],
3.13):
(1) for each a ∈ Γ, an equivalence βa : C
≃
−→ C,
(2) for each a, b ∈ Γ, a natural isomorphism µ(a, b) : βab
≃
−→ βaβb,
such that
(1) for every λ ∈ K, f ∈Mor(C), we have βa(λf) = a(λ)βa(f),
(2) for every a, b, c ∈ Γ, x ∈ C, the following diagram commutes:
(3.1) βabc(x)
µ(a,bc)x //
µ(ab,c)x

βaβbc(x)
βa(µ(b,c)x)

βabβc(x)
µ(a,b)βc(x)
// βaβbβc(x)
By abuse of notation, we will write (βa, µ(a, b)) for any descent datum on C.
A k-linear category C gives rise to a K-linear category CK with descent datum. The
objects of CK are K-modules in C, i.e. pairs (x, ρ) with x ∈ C and ρ : K → EndC(x) a
morphism of k-algebras. The descent datum on CK is given by
(3.2) βa(x, ρ) = (x, ρ ◦ a
−1), µ(a, b)x = idx .
Conversely, a K-linear category C with descent datum (βa, µ(a, b)) gives rise to a k-
linear category CΓ such that (CΓ)K ≃ C. The objects of C
Γ are of the form (x, {ax}a∈Γ)
where x ∈ C and ax : x
≃
−→ βa(x) is an isomorphism such that the following diagram
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commutes for all a, b ∈ Γ:
(3.3) x
ax //
(ab)x

βa(x)
βa(bx)

βab(x)
µ(a,b)x
// βaβb(x)
For ease of notation, we will often write (x, ax) instead of (x, {ax}a∈Γ). A morphism in
CΓ from (x, ax) to (y, ay) is a morphism f : x→ y in C such that the following diagram
commutes for all a ∈ Γ:
(3.4) x
ax //
f

βa(x)
βa(f)

y
ay
// βa(y)
If we wish to make the descent datum explicit, we will write C(βa,µ(a,b)) instead of CΓ.
3.1. Example. Let k be a field and let V ectk denote the category of finite dimensional
vector spaces over k. If K is a finite extension of k, then (V ectk)K = V ectK . If K/k
is a finite Galois extension with Galois group Γ, then the descent datum on V ectK is
given by equation 3.2 and denoted (γa, id). Moreover, we have an exact equivalence of
k-linear abelian tensor categories V ect
(γa,id)
K ≃ V ectk.
3.2. Remark. Let X be a topological space and let a, b, c ∈ Aut(X). Let ξ(a, b) : (ab)∗ ≃
b∗a∗ denote the natural isomorphism. Then the following diagram commutes for any
sheaf F on X:
(abc)∗F
ξ(ab,c)F //
ξ(a,bc)F

c∗(ab)∗F
c∗ξ(a,b)F

(bc)∗a∗F
ξ(b,c)a∗F // c∗b∗a∗F
In particular, suppose we have a finite group Γ acting on X via a group homomorphism
ρ : Γ→ Aut(X). Let βa = ρ(a
−1)∗ and define µ(a, b) = ξ(ρ(b−1), ρ(a−1)) : βab ≃ βaβb.
Then the isomorphisms µ(a, b) satisfy diagram 3.1 for any sheaf F on X.
3.3. Remark. Let X be topological space and let Sh(X,K) denote the category of K-
sheaves on X. This category has a natural descent datum relative to K/k. For any
sheaf F ∈ Sh(X,K) and any open set U ⊂ X, we define
(3.5) (γ˜aF)(U) = γa(F(U))
where γa is the functor defined in example 3.1. Since γa is exact, we see that γ˜a(F) is
a sheaf. In fact, the functor γ˜a is also exact because that the natural map of K-vector
spaces
(γ˜aF)x = lim−→
x∈U
γa(F(U))→ γa(Fx)
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is a bijection on the underlying k-vector spaces for any x ∈ X. We claim that γ˜a(λf) =
a(λ)f for any λ ∈ K and any morphism f in Sh(X,K). Indeed, we have
γ˜a(λf)U = γa(λfU ) = a(λ)fU .
We also make the identification γ˜ab = γ˜aγ˜b. Therefore (γ˜a, id) is a descent datum on
Sh(X,K) such that Sh(X,K)Γ = Sh(X, k).
Now suppose we are given a continuous action ρ : Γ→ Aut(X) of Γ on X. The func-
tors ρ(a−1)∗ and γ˜b commute for all a, b ∈ Γ. Indeed, since ρ(a
−1) is a homeomorphism,
we have
(ρ(a−1)∗F)(U) = F(a−1U)
and therefore,
(ρ(a−1)∗γ˜bF)(U) = (γ˜bF)(a
−1U))
= γb(F(a
−1U))
= γb((ρ(a
−1)∗F)(U))
= (γ˜bρ(a
−1)∗F)(U).
These facts allow us to define a new descent datum (βa, µ(a, b)) on Sh(X,K), where
(3.6) βa = ρ(a
−1)∗γ˜a = γ˜aρ(a
−1)∗, µ(a, b) = ξ(ρ(b−1), ρ(a−1))
3.4. Remark. Let (X, S) be a Whitney stratified complex algebraic variety with an
action of Γ = Gal(K/k). The functors γ˜a extend to the bounded derived category
Db
S
(X,K) of S-constructible K-sheaves on X. In fact, γ˜a is t-exact with respect to the
perverse t-structure (D≤0,D≥0) on Db
S
(X,K). To see this, recall that
F ∈ D≤0 ⇐⇒ dim supp(Hj(F)) ≤ −j for all j ∈ Z
F ∈ D≥0 ⇐⇒ dim supp(Hj(DF)) ≤ −j for all j ∈ Z
Since γ˜a is exact, we see that H
j(γ˜aF) = γ˜aH
j(F), and supp(Hj(γ˜aF)) = supp(γ˜aH
j(F)).
Since γ˜a is a tensor functor, we know that it commutes with internal hom, hence
γ˜aDF ≃ Dγ˜aF. This shows that
γ˜a(D
≤0) ⊂ D≤0 and γ˜a(D
≥0) ⊂ D≥0
Therefore, we get exact functors, for all a ∈ Γ:
pγ˜a : PS(X,K) ≃ PS(X,K)
where PS(X,K) = D
≤0 ∩D≥0 denotes the abelian category of S-constructible perverse
K-sheaves on X. If no confusion will result, we will continue to denote pγ˜a as simply
γ˜a.
If Γ acts on X via ρ : Γ→ Aut(X), then we have exact functors, for all b ∈ Γ:
ρ(b−1)∗ : PS(X,K) ≃ PS(X,K)
which commute with all the functors γ˜a. Therefore,
(ρ(b−1)∗γ˜a, ξ(ρ(b
−1), ρ(a−1)))
is a descent datum on PS(X,K).
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Now suppose we have K-linear categories C and C′ with descent data (βa, µ(a, b))
and (β′a, µ
′(a, b)), respectively. A functor F : C → C′ is compatible with the descent
data if there exist natural isomorphisms η(a) : Fβa
≃
−→ β′aF , for each a ∈ G, such that
the following diagram commutes:
(3.7) Fβabx
F (µ(a,b)x) //
η(ab)x

Fβaβbx
η(a)βbx // β′aFβbx
β′a(η(b)X )

β′abFx
µ′(a,b)Fx // β′aβ
′
bFx
In addition, if F is an equivalence we say that (βa, µ(a, b)) and (β
′
a, µ
′(a, b)) are equiv-
alent.
3.5. Proposition. A functor (C
F
−→ C′) that is compatible with descent data induces a
functor FΓ : CΓ → C′Γ.
Proof. We define FΓ on objects of CΓ as follows:
x 7→ Fx
ax 7→ η(a)xF (ax)
We claim that this defines an object of C′Γ. Consider the following diagram:
Fx
F (ax) //
F ((ab)x)

Fβax
η(a)x //
Fβa(bx)

β′aFx
β′aF (bx)

Fβabx
F (µ(a,b)x)
//
η(ab)x

Fβaβbx
η(a)βbx
// β′aFβbx
β′a(η(b)x)

β′abFx
µ′(a,b)Fx // β′aβ
′
bFx
The square on the top left commutes because (x, ax) is an object of C
Γ. The top right
square commutes because η(a) is a natural transformation. The bottom pentagon
commutes by equation 3.7. Therefore, the compositions along the outside edges are
equal:
β′a(η(b)xF (bx)) η(a)xF (ax) = µ
′(a, b)Fx η(ab)xF ((ab)x)
which establishes the claim.
We define FΓ(f) = F (f) on morphisms and check that the following diagram com-
mutes:
Fx
F (ax) //
F (f)

Fβax
η(a)x //
Fβa(f)

β′aFx
β′aF (f)

Fy
F (ay)
// Fβay
η(a)y
// β′aFy
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The left square commutes because f is a morphism in CΓ and the right square commutes
because η(a) is a natural transformation. Therefore FΓ(f) is a morphism in C′Γ. The
rest of the proposition follows easily. 
We collect some basic facts about descent of categories:
3.6. Proposition. Let K/k be a finite Galois extension with Galois group Γ. Let C be
a K-linear category with descent datum (βa, µ(a, b)) relative to K/k.
(1) If C is abelian and βa is exact and additive for every a ∈ Γ, then C
Γ is abelian
and the forgetful functor CΓ → C is exact.
(2) If C is a tensor category, βa is a tensor functor for every a ∈ Γ, and µ(a, b) is
a morphism of tensor functors for every a, b ∈ Γ, then CΓ is a tensor category.
(3) Suppose that C is an abelian tensor category equipped with a tensor descent
datum, i.e. a descent datum satisfying the conditions in (1) and (2) above. If
ω : C → V ectK is an exact faithful tensor functor which is compatible with the
tensor descent datum, then ωΓ : CΓ → V ectk is an exact faithful tensor functor.
Proof. (1) Since each βa is additive, we have 0 ≃ βa0, and this defines a zero object in
CΓ. The direct sum of (x, {ax}) and (y, {ay}) in C
Γ is defined to be:
(x⊕ y, {ax ⊕ ay})
This defines an object of CΓ since βa is additive for all a ∈ Γ, and it clearly satisfies the
desired universal property. Let f : (x, {ax}) → (y, {ay}) be a morphism in C
Γ. Since
βa is exact, we obtain the following commutative diagram with exact rows:
0 // Ker(f)
ax

// x
ax

// y
ay

0 // Ker(βaf)
ia(f)

// βax // βay
0 // βa(Ker(f)) // βax // βay
The composition of the vertical dotted arrows defines aKer(f) : Ker(f) ≃ βa(Ker(f)).
The following commutative diagram implies that kernels exist in CΓ:
Ker(f)
ax //
(ab)x

Ker(βaf)
ia(f) //
βa(bx)

βa(Ker(f))
βa(bx)

Ker(βabf)
µ(a,b)x//
iab(f)

Ker(βaβbf)
ia(βbf)// βa(Ker(βbf))
βa(ib(f))

βabKer(f)
µ(a,b)Ker(f) // βaβbKer(f)
The bottom pentagon commutes because of the identities between various short exact
sequences coming “out of the page.” A similar argument shows that cokernels exist in
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CΓ. The exactness axiom and the exactness of the forgetful functor CΓ → C follow
immediately.
(2) Let (C,⊗,1, φ, ψ) be a tensor category with unit object 1, associativity constraint
φ, and commutativity constraint ψ. We define the tensor structure on CΓ as follows:
(x, {ax})⊗ (y, {ay}) = (x⊗ y, ax⊗y = κ(a)x,y ◦ (ax ⊗ ay))
where
κ(a)x,y : βa(x)⊗ βa(y) ≃ βa(x⊗ y)
is the natural isomorphism making βa into a tensor functor.
This formula gives an object of CΓ because the following diagram commutes:
x⊗ y
ax⊗ay //
(ab)x⊗(ab)y

βax⊗ βay
κ(a)x,y //
βa(bx)⊗βa(by)

βa(x⊗ y)
βa(bx⊗by)

βabx⊗ βaby //
µ(a,b)x⊗µ(a,b)y
κ(ab)x,y

βaβbx⊗ βaβby //
κ(a)βbx,βby
βa(βbx⊗ βby)
βa(κ(b)x,y)

βab(x⊗ y)
µ(a,b)x⊗y
// βaβb(x⊗ y)
The bottom pentagon commutes because µ(a, b) is a morphism of tensor functors,
and because βa(κ(b)x,y) ◦κ(a)βbx,βby is the compatibility isomorphism of the composite
tensor functor βaβb.
Note that there is a unique isomorphism 1 ≃ βa1 since βa is a tensor functor.
Therefore we get a well defined unit object in CΓ. Finally, we need to check that φ and
ψ are morphisms in CΓ. The case of the commutativity constraint follows from this
commutative diagram:
x⊗ y
ax⊗ay //
ψx,y

βax⊗ βay
κ(a)x,y //
ψβax,βay

βa(x⊗ y)
βa(ψx,y)

y ⊗ x
ay⊗ax // βay ⊗ βax
κ(a)y,x // β(y ⊗ x)
Similarly we can set up the following commutative diagram for the associativity con-
straint:
x⊗(y⊗z)
ax⊗(ay⊗az) //
φx,y,z

βax⊗(βay⊗βaz) //
1⊗κ(a)y,z
φβax,βay,βaz

βax⊗βa(y⊗z) //
κ(a)x,y⊗z
βa(x⊗(y⊗z))
βa(φx,y,z)

(x⊗y)⊗z
(ax⊗ay)⊗az
// (βax⊗βay)⊗βaz //
κ(a)x,y⊗1
βa(x⊗y)⊗βaz //
κ(a)x⊗y,z
βa((x⊗y)⊗z)
(3) We have already shown that ωΓ : CΓ → V ectk is a functor. The proof that ω
Γ is a
tensor functor is tedious but straightforward. The isomorphism ωΓ((x, ax)⊗ (y, ay)) ≃
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ωΓ(x, ax) ⊗ ω
Γ(y, ay) comes from the isomorphism ω(x ⊗ y) ≃ ω(x) ⊗ ω(y). To show
that ω is exact, let
0→ (x, ax)→ (y, ay)→ (z, az)→ 0
be a short exact sequence in CΓ. Since CΓ → C is exact, we see that
0→ x→ y → z → 0
is exact in C. Since ω is exact, we get that
0→ ω(x)→ ω(y)→ ω(z)→ 0
is exact. Since the forgetful functor V ectΓK → V ectK is exact, we conclude that
0→ (ω(x), η(a)xω(ax))→ (ω(y), η(a)yω(ay))→ (ω(z), η(a)zω(az))→ 0
is exact. Finally, if ωΓ(x, ax) = (ω(x), η(x)ω(ax)) = 0, then ω(x) = 0, which implies
that x = 0 because ω is faithful.

3.7. Corollary. Let K/k be a finite Galois extension with Galois group Γ. Let C be a
neutral Tannakian category over K with a fibre functor ω : C → V ectK . Suppose we
have a tensor descent datum on C relative to K/k (see Proposition 3.6). Then CΓ is a
neutral Tannakian category over k with fibre functor ωΓ : CΓ → V ectk.
Proof. We have shown every part of this corollary except that CΓ is rigid. Let Dx
denote the dual of an object x ∈ C and let ix : x ≃ DDx be the duality isomorphism.
We also have isomorphisms φ(a)x : D(βax) ≃ βa(Dx) ([3], Proposition 1.9). We define
the dual of (x, ax) to be (Dx, φ(a)x ◦ (Dax)
−1). The commutativity of the following
diagram shows that this is an object of CΓ:
Dx D(βax)
Daxoo φ(a)x // βa(Dx)
D(βabx)
D((ab)x)
OO
φ(ab)x

D(βaβbx)
D(µ(a,b)x)
oo
φ(a)βbx
//
D(βa(bx))
OO
βa(Dβbx)
βa(Dbx)
OO
βa(φ(b)x)

βab(Dx)
µ(a,b)Dx // βaβb(Dx)
It remains to check that (Dx, φ(a)x ◦ (Dax)
−1) is the dual of (x, ax). This follows from
the following commutative diagram, for any f : x→ 1:
Dx
Df

Dβaxoo
D(βaf)

φ(a)x // βaDx
βa(Df)

D1 Dβa1
≃oo ≃ // βaD1
where we identify 1 = D1 and 1 ≃ βa1 is the unique isomorphism. 
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4. Quasi-split groups
Let G be a complex connected reductive algebraic group. Let O = C[[z]] be the ring
of formal power series in one variable, and let K = Frac(O) = C((z)) be its fraction
field. We think of G(O) as the complex points of a group scheme GO. Similarly, G(K)
has the structure of an ind-group scheme GK, and G(K)/G(O) has the structure of an
ind-scheme Gr called the affine Grassmannian of G. Since we work with sheaves in the
classical topology, we can think of GO, GK, and Gr as reduced ind-schemes.
Let T ⊂ G be a maximal torus in G and fix a Borel subgroup B ⊃ T . Let N denote
the unipotent radical of B. Let X∗(T ) = Hom(T,C×) and X∗(T ) = Hom(C
×, T )
denote the weight and coweight lattices of T , respectively. Let ∆ ⊂ R ⊂ X∗(T ) be the
set of (positive) roots and ∆ˇ ⊂ Rˇ ⊂ X∗(T ) to set of (positive) coroots with respect
to B. Let Λ+ ⊂ X∗(T ) (resp. Λ+ ⊂ X∗(T )) be the set of dominant weights (resp.
coweights), and let Π ⊂ ∆ denote the set of simple roots. Let W = NG(T )/T be the
Weyl group of G. Let g = Lie(G) and let
g = g0 ⊕ (
⊕
α∈R
gα)
be the adjoint decomposition. Fix a non-zero vector xα ∈ gα for each α ∈ Π. We have
a short exact sequence
1→ Int(G)→ Aut(G)→ Out(G)→ 1
The surjection Aut(G)→ Out(G) restricts to an isomorphism Aut(G,B, T, {xα}α∈Π) ≃
Out(G) ([10], 2.14). Via this splitting, we conclude that Out(G) acts on each of the
following objects G, B, T , X∗(T ), X∗(T ), R, Rˇ, ∆, ∆ˇ, Λ
+, Λ+, and Π. Since T ≃ B/N ,
we get an induced action on N . In addition, Out(G) also acts on NG(T ). To see this
let δ ∈ Aut(G,B, T, {xα}) and g ∈ NG(T ). For all t ∈ T , we have
Int(δ(g))(t) = δ(g)tδ(g)−1 = δ(gδ−1(t)g−1) = δ(Int(g)(δ−1(t)))
Therefore, δ(g) ∈ NG(T ). This immediately implies that Out(G) acts on W .
Given λ ∈ X∗(T ), we define λ˜ ∈ G(K) to be the composition of the following maps:
Spec(K)→ Spec(C[z±1])
λ
−→ T ⊂ G
Let Lλ = λ˜ ·GO denote the image of λ˜ in Gr. The left action of GO on Gr gives us an
orbit stratification, denoted by the symbol S. We write
Gr =
⊔
λ
Grλ
where λ ∈ Λ+ and Gr
λ = GO · Lλ. Moreover, the closure of an orbit looks like
Grλ =
⊔
µ
Grµ
where λ− µ is a sum of positive coroots.
For any ν ∈ X, we have the semi-infinite orbit
Sν = NK · Lν .
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These orbits also satisfy closure relations:
Sν =
⊔
η≤ν
Sη
where ν − η is a sum of positive coroots.
Let δ ∈ Out(G) ≃ Aut(G,B, T, {xα}). Note that δ acts on GO ⊂ GK, hence induces
an automorphism of Gr, which we also call δ. The action of δ is compatible with the
above stratifications:
δ(Lν) = Lδ(ν)
δ(Grλ) = Grδ(λ)
δ(Sν) = Sδ(ν)
for all λ ∈ Λ+, ν ∈ X∗(T ).
Let k be a field and let Db
S
(Gr, k) denote the bounded derived category of S con-
structible k-sheaves on Gr. For example, we could define this category as the colimit of
the categories Db
S
(Grλ, k) for λ ∈ Λ+. Let PS(Gr, k) ⊂ D
b
S
(Gr, k) denote the abelian full
subcategory of S-constructible perverse k-sheaves. We can characterize these sheaves
as follows ([6], Lemma 3.9): A ∈ Db
S
(Gr, k) is perverse if and only if, for all ν ∈ X∗(T ),
we have
Hkc (Sν ,A) = 0 for k 6= 2ρ(ν)
where ρ ∈ X∗(T ) is equal to half the sum of positive roots.
Let PGO (Gr, k) denote the category of GO-equivariant perverse sheaves on Gr. It
turns out that PGO (Gr, k) and PS(Gr, k) are naturally equivalent ([6], Proposition 2.1).
We recall the fusion/convolution tensor structure on PGO (Gr, k). Consider the following
diagram:
(4.1) Gr× Gr GK× Gr
q //poo GK×GO Gr
m // Gr
Since GO acts freely on GK× Gr, we have an equivalence [1]:
q∗ : P (GK×GO Gr) ≃ PGO (GK× Gr)
Let qGO∗ denote a quasi-inverse to q
∗. The convolution of two sheaves A,B ∈ PGO (Gr, k)
is defined as follows:
A ∗B = Rm∗(q
GO
∗ p
∗(A⊠B))
It is a non-trivial result that the convolution is a perverse sheaf. It follows from the fact
that m is a semi-small map. The associativity constraint on this monoidal product is
essentially formal. However, the commutativity constraint is more difficult to construct,
and involves the fusion product, which must be defined globally on a smooth complex
curve X. For our purposes, it suffices to consider X = A1
C
. Let GrXn = Gr×Spec(C)X
n.
There is a version of diagram 4.1 of ind-schemes over X, which defines the fusion
product. In general, a braided product which is compatible with a monoidal product
induces a symmetric monoidal structure. Since fusion is braided and compatible with
convolution, we get a tensor structure on PGO (Gr, k). The global cohomology functor
H∗ is a fibre functor for PGO (Gr, k). We recall the main result of [6]:
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4.1. Theorem. There is an equivalence of tensor categories:
PGO (Gr, k) ≃ Rep(Gˇk)
where Gˇk is the split reductive group scheme over k with root data dual to that of G.
In the statement of this theorem, the coefficients are allowed to be any commutative
ring. However, for the purposes of this paper we will only consider field coefficients.
Let us turn now to the case of quasi-split groups. As noted in section 2, the quasi-split
forms of Gˇk are classified by
H1(k,Out(Gˇk)) = H
1(k,Out(G)) = Hom(Gal(ksep/k), Out(G))/ ∼ .
Therefore, the data of a quasi-split form of Gˇk can be represented by a group homo-
morphism from a finite Galois group to Out(G).
4.2. Theorem. Let K/k be a finite Galois extension with Galois group Γ, and let
ρ : Γ → Out(G) be a group homomorphism. There is a natural descent datum on
PGO (Gr,K) such that the corresponding k-linear category PGO (Gr,K)
Γ is tensor equiv-
alent to Rep(Gˇρk), where Gˇ
ρ
k is a quasi-split form of Gˇk corresponding to ρ.
Proof. Let δ ∈ Out(G) ≃ Aut(G,B, T, {xα}). We claim that
δ∗ : PGO (Gr, k)→ PGO (Gr, k)
is a tensor functor. Let A ∈ PGO (Gr, k) be a sheaf supported on some Gr
λ, such
that the action of GO on Grλ factors through a finite dimensional group GOn , where
On = O/(z
n). Since A ∈ PS(Grλ, k) is GOn-equivariant, we have an isomorphism
φ : p∗2A ≃ a
∗A
where a, p2 : GOn × Gr
λ → Grλ are the action map and the projection to the second
factor, respectively. Moreover, the morphism φ has the property that i∗φ = id, where
i : {1} × Grλ → Grλ. We claim that δ∗A is also an object of PGOn (Gr
λ, k). Indeed, the
following commutative diagram:
GOn × Gr
λ
p2,a //
(δ,δ)

Grλ
δ

GOn × Gr
λ
p2,a //
Grλ
induces the following sequence of isomorphisms:
p∗2δ
∗A ≃ (δ, δ)∗p∗2A
(δ,δ)∗φ
−−−−→ (δ, δ)∗a∗A ≃ a∗δ∗A.
and clearly, i∗(δ, δ)∗φ = id.
In order to show that δ∗ is compatible with the constraints, we must use the formu-
lation of the tensor structure as a fusion product ([6], Section 5). Let X = A1
C
, and
let GrX and GrX2 denote the families of Grassmannians over X and X
2, respectively.
We can choose a global coordinate on X to trivialize GrX over X. Let τ : GrX → Gr
denote the projection. Let ∆X ⊂ X
2 be the diagonal, and let U = X2 − ∆X . We
have that GrX2 |∆X
∼= GrX and GrX2 |U ∼= (GrX × GrX)|U . Let i : GrX → GrX2 and
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j : (GrX × GrX)|U → GrX2 be the corresponding inclusions. Let τ
o = τ∗[1] and
io = i∗[−1]. Let
∗X : PGX,O(GrX , k)× PGX,O(GrX , k)→ PGX,O (GrX2 , k)
denote the fusion product. Given A,B ∈ PGO (Gr, k), we need to construct an isomor-
phism
(δ∗A) ∗ (δ∗B)
cA,B
−−−→ δ∗(A ∗B).
Consider the following diagram:
(4.2) τ o(δ∗A ∗ δ∗B)
≃

≃ //______________ τ o(δ∗(A ∗B))
io(τ o(δ∗1A) ∗X τ
o(δ∗B))
≃

δ∗τ o(A ∗B)
≃
OO
io(j!∗
pH0(τ oδ∗A
L
⊠ τ oδ∗B)|U )
≃

δ∗io(τ oA ∗X τ
oB)
≃
OO
io(j!∗
pH0((δ, δ)∗(τ oA
L
⊠ τ oB))|U )
≃ //
δ∗io(j!∗
pH0(τ oA
L
⊠ τ oB)|U )
≃
OO
Here we have used equation (5.10) from [6] along with the fact that δ is an automorphism
of (GrX × GrX)|U , which implies that it commutes with j∗, j! and j!∗. Specializing the
dotted arrow to any point of ∆X yields the desired isomorphism cA,B. This argument
also shows that the semi-linear functor
γ˜a : PGO (Gr,K)→ PGO (Gr,K)
is a tensor functor for all a ∈ Γ.
Next we define βδ := (δ
−1)∗ : PGO (Gr, k) ≃ PGO (Gr, k) and note that it is a tensor
equivalence. For δ1, δ2 ∈ Out(G), there is a natural isomorphism βδ1δ2 ≃ βδ1βδ2 de-
scribed in example 3.2. Let us check that the functors {βδ}δ∈Out(G) are independent of
the choice of {xα}. Any two splittings of
1→ Int(G)→ Aut(G)→ Out(G)→ 1
are related by an inner automorphism the form Int(t) for t ∈ T (C) ([10], 2.14). There-
fore, it suffices to show that ψ∗t : PGO (Gr, k) → PGO (Gr, k) is tensor equivalent to the
identity functor for any t ∈ T (C), where ψt : Gr → Gr denotes left multiplication by t.
Consider the underlying functor ψ˜∗t : PS(Gr, k)→ PS(Gr, k). Any sheaf A ∈ PGO (Gr, k)
is a fortiori G-equivariant, and hence comes equipped with an isomorphism A ≃ ψ˜∗tA
which commutes with morphisms in PGO (Gr, k). Using the same argument as in dia-
gram 4.2, we conclude that ψ∗t is a tensor functor and that id ≃ ψ
∗
t is an isomorphism
of tensor functors.
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Let us show that the functors {βδ}δ∈Out(G) commute with H
∗. Recall that
H∗ ≃
⊕
ν∈X∗(T )
Fν
where Fν is the weight functor H
2ρ(ν)
c (Sν , ). This decomposition yield a canonical split
maximal torus Tˇk ⊂ Gˇk:
(4.3) PGO (Gr, k)
≃ //
L
ν Fν

Rep(Gˇk)

V ectk(X∗(T ))
≃ // Rep(Tˇk)
where V ectk(X∗(T )) denotes the category of finite dimensional X∗(T )-graded vector
spaces over k.
Consider the following commutative diagram:
Lν
a //
δ

Sν
b //
δ

Gr
δ

Lδ(ν)
c // Sδ(ν)
d // Gr
Since δ is an automorphism, it is proper, so δ∗ = δ!. By uniqueness of adjoints, δ
∗ = δ!.
Therefore, for any sheaf A ∈ PGO (Gr, k) we have:
H2ρ(ν)c (Sν , δ
∗A) = a!b∗δ∗A
= a!δ∗d∗A
= a!δ!d∗A
= δ!c!d∗A
= H2ρ(δ(ν))c (Sδ(ν),A).
Therefore, the weight functor Fν applied to βδA gives:
Fν(βδA) = Fδ−1(ν)(A).
Since H∗ ≃
⊕
ν∈X∗(T )
Fν after forgetting the coweight grading, we find that
H∗(βδA) ≃
⊕
ν∈X∗(T )
Fδ−1ν(A) ≃ H
∗(A).
We now change the coefficient ring to K. By combining the above discussion with
remark 3.4, we have that
(βρ(a)γ˜a, ξ(b
−1, a−1))
is a tensor descent datum on PGO (Gr,K) which is compatible with the fibre functor.
By Corollary 3.7, we conclude that PGO (Gr,K)
Γ is a neutral Tannakian category. Let
Gˇρk denote the corresponding k-form of Gˇk. Since the weight functors are compatible
with the descent datum, we get a maximal k-torus Tˇ ρk ⊂ Gˇ
ρ
k. It remains to show that
Gˇρk is quasi-split.
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Let us recall the “Plu¨cker construction” of the canonical Borel subgroup Bˇk ⊃ Tˇk
(see, for example, the appendix of [7]): given λ ∈ Λ+, let j : Gr
λ → Gr be the inclusion
and let I∗(λ, k) denote the sheaf
pj∗(k[dimGr
λ]). Given some other µ ∈ Λ+, we have a
natural morphism
I∗(λ, k) ∗ I∗(µ, k)→ I∗(λ+ µ, k).
Let V λ = H∗(Gr, I∗(λ, k)) and L
λ = Fλ(I∗(λ, k)). Then L
λ is a Tˇk-invariant line in
V λ such that
Lλ ⊗ Lµ //

Lλ+µ

V λ ⊗ V µ // V λ+µ
commutes for all λ, µ ∈ Λ+. Then Bˇk is the subgroup of Aut
⊗(H∗) preserving the lines
Lλ. In fact, we have a canonical basis vector vλ ∈ L
λ given by
vλ = [Sλ ∩ Gr
λ] ∈ Fλ(I∗(λ, k)) = H
2 dim(Sλ∩Gr
λ)
c (Sλ ∩ Gr
λ)
such that vλ ⊗ vµ maps to vλ+µ.
Recall that the weight lattice X∗(Tˇ ρk ) is equal to the group of co-invariants X∗(T )Γ
for the action of Γ on X∗(T ). We will denote the natural projection as follows:
X∗(T )→ X∗(T )Γ
λ 7→ λ
Given a dominant λ ∈ X∗(T )Γ, let
V λ =
⊕
α∈λ
H∗(Gr, I∗(α,K))
Γ
and let
Lλ ⊂ V λ
be the line generated by
vλ =
∑
α∈λ
vα
Since
vλ ⊗ vµ 7→
∑
α∈λ
∑
β∈µ
vα+β = vλ+µ
we conclude that there is a canonical Borel subgroup Tˇk ⊂ Bˇk ⊂ Gˇk. 
5. Inner forms of Gˇk
Let K/k be a finite Galois extension with Galois group Γ. Recall from example 3.1
that V ectK has a natural descent datum (γa, id) such that V ect
Γ
K ≃ V ectk. It turns
out that we can twist this descent datum to produce other K/k-forms of V ectk. Let
δ : H2(Γ,K×) ≃ Br(K/k)
denote the natural isomorphism.
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5.1. Proposition. Let [ζ] ∈ H2(Γ,K×). Then (γa, ζ(a, b)) defines a descent datum
on V ectK such that V ect
Γ
K ≃ ModA, where A is a central simple k-algebra such that
[A] = δ[ζ] and ModA is the category of finitely generated right A-modules.
Proof. We may assume that ζ is a normalized 2-cocycle. Define the descent datum
corresponding to a normalized ζ ∈ Z2(Γ,K×) as follows: to each a ∈ Γ we associate the
same γa defined in example 3.1. Given V ∈ V ectK , we define the natural isomorphism
γabV ≃ γaγbV to be the following map:
ζ(a, b) · idV : γabV → γaγbV
In order for this to be a descent datum, the following diagram must commute for all
a, b, c ∈ Γ:
γabc(V )
ζ(a,bc) //
ζ(ab,c)

γaγbc(V )
aζ(b,c)

γabγc(V )
ζ(a,b)
// γaγbγc(V )
We see that this is exactly the condition for ζ to be a 2-cocycle.
Now suppose that this Γ-action is equivalent to (γa, id). This means that we have
an equivalence F : V ectK ≃ V ectK and natural isomorphisms ψa : γaF → Fγa such
that the following diagram commutes:
γabF (V )
idF (V )//
ψab

γaγbF (V )
γa(ψb)// γaF (γbV )
ψa

F (γabV )
F (ζ(a,b))
// F (γaγbV )
In other words,
ψa · a(ψb) = f(a, b) · ψ(ab)
This shows that ζ comes from a map ψ : Γ→ K×, hence is a 2-coboundary. Therefore,
H2(Γ,K×) is equal to the set of equivalence classes of descent data on V ectK .
Finally, recall the construction of an algebra A in the Brauer class δ[ζ]:
A =
⊕
a∈Γ
K · ea
where the multiplication of the basis vectors is given by ea · eb = ζ(a, b)eab. Given an
object (V, aV ) in V ect
Γ
K , we see that
ea 7→ aV
is a k-algebra homomorphism from Aop → Endk(V ). This construction gives an equiv-
alence V ectΓK ≃ModA. 
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5.2. Lemma. Let K/k be a finite Galois extension with Galois group Γ and let C be a
k-linear abelian category. Suppose we have central simple k-algebras A and B split by
K, such that [A] = [B] ∈ Br(K/k). Then there is an equivalence of categories
iA,B : CA ≃ CB
where CA denotes the category of right A-modules in C. If C is another such algebra,
then there is a natural isomorphism θ(A,B,C) : iA,C ≃ iB,C iA,B. Finally, if D is
another such algebra, then the following diagram commutes:
iA,D
θ(A,C,D) //
θ(A,B,D)

iC,DiA,C
iC,D(θ(A,B,C))

iB,DiA,B
θ(B,C,D)iA,B( )
// iC,DiB,C iA,B
Proof. There is a natural descent datum (γa, id) on CK , the category of K-modules in
C, such that
(CK)
(γa, id) ≃ C
Let ζA ∈ Z
2(Γ,K×) such that δ[ζA] = [A]. The proof of Proposition 5.1 implies that
the descent datum (γa, ζ(a, b)) on CK has the following property:
(CK)
(γa, ζA(a,b)) ≃ CA
Therefore, for any central simple k-algebra B represented by ζB ∈ Z
2(Γ,K×) such that
[A] = [B] ∈ Br(K/k), we have an equivalence
iA,B : CA ≃ (CK)
(γa, ζA(a,b)) ≃ (CK)
(γa, ζB(a,b)) ≃ CB
induced by the 2-coboundary bA,B = ζA−ζB ∈ B
2(Γ,K×). Given another such algebra
C represented by ζC , we have:
bA,C = ζA − ζC = (ζA − ζB) + (ζB − ζC) = bA,B + bB,C
which induces an isomorphism
θ(A,B,C) : iA,C ≃ iB,C iA,B
Therefore, given another such algebra D represented by ζD, we have that
bA,D = bA,C + bC,D = bA,B + bB,D = bA,B + bB,C + bC,D
These equations immediately imply that the corresponding diagrams commute. 
Let G be a complex connected reductive algebraic group, k a field, and µ : π1(G)→
Br(k) a group homomorphism. Recall that π0(Gr) = π1(G), so we can write
Gr =
⊔
α∈pi1(G)
Grα.
Let P (Gr, µ) denote the following category:
P (Gr, µ) :=
⊕
α∈pi1(G)
PGO (Grα, Aα)
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where Aα is a central simple k-algebra such that [Aα] = µ(α) ∈ Br(K/k) for some
finite Galois extension K/k, and PGO (Grα, Aα) denotes the k-linear category of right
Aα-modules in PGO (Grα,K).
Let us describe the tensor structure on P (Gr, µ). Fix a representative Aα for µ(α) ∈
Br(K/k), for each α ∈ π1(G). Let A ∈ PGO (Grα, Aα) and B ∈ PGO (Grβ, Aβ) and let
A ∗ B denote the convolution of the underlying perverse K-sheaves. The result is a
right Aα⊗Aβ-module in PGO (Grα+β,K). Since [Aα⊗Aβ] = [Aα+β ], Lemma 5.2 implies
that we have an equivalence
iα,β : PGO (Grα+β, Aα ⊗Aβ) ≃ PGO (Grα+β , Aα+β)
We define the tensor structure on P (Gr, µ) as follows:
⋆ : P (Gr, µ)× P (Gr, µ)→ P (Gr, µ)
Aα ⋆Aβ = iα,β(Aα ∗Aβ).
The fact that this tensor structure is well-defined follows from Lemma 5.2.
5.3. Theorem. If G˜k is an inner form of Gˇk, then Repk(G˜k) is tensor equivalent to
P (Gr, µ) for some µ : π1(G)→ Br(k).
Proof. Let K/k be a finite Galois extension such that GˇK ≃ G˜K . Let Γ be the Galois
group of K/k. Recall that G˜k is represented by a one-cocyle [c] ∈ H
1(Γ, Int(GˇK)). Let
[ζ] ∈ H2(Γ, Z(GˇK)) denote the image of [c] under the boundary map. Let µ denote the
image of [ζ] under the isomorphism from Proposition 2.2:
H2(Γ, Z(GˇK)) ≃ Hom(π1(G), Br(K/k))
[ζ] 7→ µ
We can use the cocycle [c] ∈ H1(Γ, Int(GˇK)) to build a tensor descent datum on
PGO (Gr,K) such that
PGO (Gr,K)
Γ ≃ Rep(G˜k)
As in Remark 3.3, this descent datum is given by
(c(a−1)∗γ˜a, ξ(c(b
−1), c(a−1)))
We now define an equivalent descent datum on PGO (Gr,K) as follows:
(γ˜a, ζ(a, b) · id)
The fact that this is a tensor descent datum follows from the following enlargement of
diagram 5.1:
(5.1) PGO (Gr,K)
≃ //
L
ν Fν

Rep(GˇK)

V ectK(X∗(T ))
≃ //

Rep(TˇK)

V ectK(π1(G))
≃ // Rep(Z(GˇK))
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which shows that elements of Z(GˇK) act by tensor automorphisms. We have used
the identification π1(G) ≃ X∗(T )/X∗(Tsc), where Tsc is the pre-image of T under the
natural morphism Gsc → G.
The fact that these two descent data are equivalent follows from the fact that
ζ(a, b) = c(a) · c(b) · c(ab)−1
In other words, a diagram of type 3.7 commutes, with F = id and η(a) : c(a−1)∗γ˜a ≃ γ˜a
is induced by c(a). Consequently, we have an equivalence of tensor categories
PGO (Gr,K)
(c(a−1)∗γ˜a, ξ(c(b−1),c(a−1))) ≃ PGO (Gr,K)
(γ˜a, ζ(a,b)·id)
Let us denote the latter category as P (Gr, ζ). We will describe the objects of P (Gr, ζ)
that are supported on each component Grα ⊂ Gr, for α ∈ π1(G). Recall that the cocycle
ζ is a map
Γ× Γ→ Z(GˇK) = Hom(π1(G),K
×)
so that, for a fixed α ∈ π1(G), we have ζ( , )(α) ∈ Z
2(Γ,K×). Let (F, aF) ∈ P (Gr, ζ)
such that F is supported on Grα. This means that the following diagram commutes:
F
aF //
(ab)F

γ˜aF
γ˜a(bF )

γ˜abF
ζ(a,b)(α)·idF // γ˜aγ˜bF
Following the proof of Proposition 5.1, this implies that (F, aF) defines a right Aα-
module (F, r) in PGO (Grα,K), where
r : Aopα → End(F)
ea 7→ aF
As usual, we have made use of the notation
Aα =
⊕
a∈Γ
K · ea
where the multiplication of the basis vectors is given by ea · eb = ζ(a, b)(α) · eab . There-
fore, we have constructed an equivalence of k-linear abelian categories:
P (Gr, ζ) ≃ P (Gr, µ).
A version of Lemma 5.2 for tensor categories implies that this identification is an
equivalence of tensor categories. 
5.4. Remark. Note that P (Gr, µ) has a fibre functor with values in V ectK , defined as
the composition
P (Gr, µ) ≃ PGO (Gr,K)
Γ → PGO (Gr,K)→ V ectK
Given a rigid abelian tensor category C over k with a K-valued fibre functor, we can
define the stack
Fib(C) : k-alg→ Gpd
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such that Fib(C)(R) is the groupoid of all R-valued fibre functors on C. In fact,
Fib(C) is a gerbe (see [3], 3.6 - 3.10). In our situation, this theorem implies that
that Fib(P (Gr, µ)) is equivalent to the gerbe associated to the inner form G˜k.
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